Introduction
Two-dimensional Yang-Mills theory (Y M 2 ) is often dismissed as a trivial system. In fact it is very rich mathematically and might be the source of some important lessons physically.
Mathematically Y M 2 has served as a tool for the study of the topology of the moduli spaces of flat connections on surfaces [2, 26, 39, 40] . Moreover, recent work has shown that it contains much information about the topology of Hurwitz spaces -moduli spaces of coverings of surfaces by surfaces.
Physically, Y M 2 is important because it is the first example of a nonabelian gauge theory which can be reformulated as a string theory. Such a reformulation offers one of the few ways in which analytic results could be obtained for strongly coupled gauge theories. Motivations for a string reformulation include experimental "approximate duality" of strong interaction amplitudes, weak coupling expansions [35] , strong coupling expansions [38] and loop equations [30] . The evidence is suggestive but far from conclusive. In [20] D.
Gross proposed the search for a string formulation of Yang-Mills theory using the exact results of Y M 2 . This program has enjoyed some success. A successful outcome for Y M 4 would have profound consequences, both mathematical and physical.
In order to describe the string interpretation of Y M 2 properly we will be led to a subject of broader significance: the construction of cohomological field theory (CohFT). This is reviewed in section 6.
Exact Solution of Y M 2
Let Σ T be a closed 2-surface equipped with Euclidean metric. Let G be a compact Lie group with Lie algebra g, P → Σ T a principal G-bundle, G(P ) = Aut(P ), A(P ) = the space of connections on P . The action for Y M 2 is the G(P )-invariant function on φ ∈ Ω 0 (M ; g), µ = * 1, and Tr is normalized as in [39] : The Hilbert space H G is the space of class functions L 2 (G) Ad(G) and has a natural basis given by unitary irreps:
The Hamiltonian is essentially the quadratic Casimir: C 2 + α 2 . The amplitudes are nicely summarized using standard ideas from topological field theory. Let S be the tensor category of oriented surfaces with area:
Obj(S)= disjoint oriented circles, M or(S)= oriented cobordisms, then:
Theorem 2.1: Y M 2 amplitudes provide a representation of the geometric category S.
The state associated to the cap of area a is:
The morphism associated to the tube is
and the trinion with two ingoing and one outgoing circle is:
Proof: The heat kernel defines a renormalization-group invariant plaquette action ♠ Corollary: On a closed oriented surface Σ T of area a and genus p the partition function is Z(e 2 a, p, G) = e
These considerations go back to [29] . A clear exposition is in [39] .
Y M 2 and the moduli space of flat bundles
At e 2 a = 0 the action I(φ, A) defines a topological field theory "of Schwarz type" [8] . In [39] [40] Witten applied Y M 2 to the study of the topology of the space of flat
Witten's first result is that, for appropriate choice of α 1 , Z computes the symplectic volume of M [39] :
where Z(G) is the center, and ω is the symplectic form on M inherited from the 2-form on A: ω(δA 1 , δA 2 ) = 1 4π 2 Σ Tr(δA 1 ∧ δA 2 ). The argument uses a careful application of Faddeev-Popov gauge fixing and the triviality of analytic torsion on oriented two -surfaces.
The result extends to the unorientable case, and the constant α 1 can be evaluated by a direct computation of the Reidemeister torsion.
According to [39] , (3.1) is the large k limit of the Verlinde formula [36] . Let S RR ′ (k) be the modular transformation matrix for the characters of integrable highest weight modules R ∈ P k + of the affine Lie algebra g
At e 2 a = 0 we have: 
dimM. Using [24] one recovers (3.1)
P is the weight lattice, L the long root lattice, and ρ the Weyl vector. The fact that the trinion is diagonal in the sum over representations is the large k limit of Verlinde's diagonalization of fusion rules.
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Witten's second result [40] gives the asymptotics of (2.1) for e 2 a → 0 (set a = 1): proceeds by writing the path integral as:
2 first proved, using conformal field theoretic techniques, in [32] .
3 Precise definitions are in [2] .
where ψ are the odd generators of the functions on the superspace ΠT A and dAdψ is the Berezin measure. This path integral is the t → 0 limit of the partition function of a cohomological field theory whose Q-exact action is ∆I = tQ µTrψ 
Large N Limit: the Hilbert Space
The large N limit of Y M 2 amplitudes is defined by taking N → ∞ asymptotics for
λ fixed. It is instructive to consider first the Hilbert space of the theory. In the large N limit the statespace can be described by the conformal field theory (CFT) of free fermions [31, 13, 14] . Bosonization then provides the key to a geometrical reformulation in terms of coverings [18] .
Nonrelativistic free fermions on S 1 enter the theory since class functions on SU (N )
can be mapped to totally antisymmetric functions on the maximal torus. The Slater determinants of N -body wavefunctions give the numerators of the Weyl character formula. The Fermi sea corresponds to the trivial representation with one-body states
. In the representation basis the Hilbert space is:
The space H + is related to the state space of a c=1 CFT.
Excitations of energy ≪ N around the Fermi level n F = 1 2 (N − 1) are described using the zero-charge sector H Q=0 bc of a "λ = 1/2 bc CFT" [16] , where Q = S 1 bc. The point of this reformulation is that one can apply the well-known bosonization theorem which relates the "representation basis" to the "conjugacy class basis." Focusing on one Fermi level we define fermionic oscillators {b n , c m } = δ n+m,0 , a Heisenberg algebra [α n , α m ] = nδ n+m,0 related by α n = b n−m c m , and compare, at level L 0 = n,
where Y (h 1 , . . . h s ) ∈ Y n is a Young diagram with row lengths h i , with the bosonic basis
is a tuple of nonnegative integers, almost all 0. k specifies a partition of n = jk j and a conjugacy class C( k) ⊂ S n . The fermi/bose overlap is given by the characters of the symmetric group representation r(Y ):
When applying the above well-known technology to Y M 2 one finds a crucial subtlety [18] : H + is not the appropriate limit for Y M 2 . At N ≤ ∞ there are two Fermi levels
; excitations around these different levels are related to tensor products of N,N representations, respectively. In the large N limit one must consider representations occurring in the decomposition of tensor products R ⊗S where R, S are associated with Young diagrams with n ≪ N boxes, andS is the conjugate representation. That is, the To state a more precise relation we define the chiral partition function to be: 
is an unbranched cover with discrete fiber above S ∈ C L given by the equivalence classes of ho-
H(n, B, p, L) where the union on n, B is taken consistent with the Riemann-Hurwitz relation: 2h − 2 = n(2p − 2) + B. We define the orbifold Euler characters of Hurwitz spaces by the formula
Theorem 5.1 ([18] + [10] ). For p > 1: 
for all integers m. Gross and Taylor showed that:
T 2,n ⊂ S n is the conjugacy class of transpositions, and δ acts on an element of the group algebra by evaluation at 1. δ is nonvanishing when its argument defines a homomorphism for the full, nonchiral theory has been given in [18] . The proof is not as rigorous as one might wish, but we do not doubt the result. The analog of theorem 5.1 involves "coupled covers" [10] . A coupled cover f : Σ w → Σ T of Riemann surfaces is a map such that on
is antiholomorphic and ∀i, ramification indices match: Finally, the results need to be extended to the case of nonzero area. When λ = 0 the expansion (5.1) and its nonchiral analog have the form:
The string interpretation described below shows that these polynomials are related to intersection numbers in H(h, p).
For p = 1, Z + h,1 (λ) are infinite sums which can be calculated using the relation to CFT described above [14] . These functions may be expressed in terms of Eisenstein series and hence satisfy modular properties in τ = iλ/(4π). For example: Z (η is the Dedekind function) [20] . The modularity in the coupling constant might be an example of the phenomenon of "S-duality" which is currently under intensive investigation 4 The SDiff(Σ T ) invariance of Y M 2 implies that Wilson loop averages define infinitely many
in other theories. For the case of a sphere: Z 0,0 (λ) has finite radius of convergence. At λ = π 2 there is a third order phase transition (=discontinuity in the third derivative of the free energy) [15] . The existence of such large N phase transitions might present a serious obstacle to a string formulation of higher-dimensional Yang-Mills.
The λ-dependence of (5.1) has been interpreted geometrically in [18] . Contributions with h, t > 0 are related to degenerate Σ w . In the framework of topological string theory the h > 0 contributions are probably related to the phenomenon of bubbling [5] .
Cohomological Field Theory
CohFT is the study of intersection theory on moduli spaces using quantum field theory.
Reviews include [41, 8, 9, 11] . The following discussion is a summary of the point of view explained at length in [11] . In physics the moduli spaces are presented as M = {f ∈ C : Df = 0}/G where C is a space of fields, D is a differential operator, and G is a group of local transformations. The action is an exact form in a model for the G-equivariant cohomology of a vector bundle over C. The path integral localizes to the fixed points of the differential Q of equivariant cohomology.
More precisely, the following construction of CohFT actions can be extracted from the literature [41, 45, 46, 7, 6, 3, 33, 25] . We begin with the basic data:
1.) E → C, a vector bundle over field space which is a sum of three factors:
(the Π means the fiber is considered odd).
2.) G-invariant metrics on C and E.
3.) a G-equivariant section s : C → E loc , a G-equivariant connection ∇s = ds + θs ∈ Ω 1 (C; E loc ), and a G-nonequivariant section F : C → E g.f. whose zeros determine local cross-sections for C → C/G.
The observables and action are best formulated using the "BRST model" of Gequivariant cohomology [33, 25, 34] . To any Lie algebra g there is an associated differential
Moreover, if M is a superspace with a g-action then Ω
module, with X ∈ g → L X , X ⊗ θ → ι X . In our case g → Lie(G) and M is the total The Lagrangian is I = QΨ, the gauge fermion is a sum of three terms: Ψ = Ψ loc + Ψ proj +Ψ g.f. for localization, projection, and gauge-fixing, respectively. Denoting antighosts (= generators of the functions on the fibers of E) by ρ + θπ, λ + θη,c + θπ, of degrees −1, −2, −1, respectively, and taking, for definiteness, E g.f. | f = E proj | f = Lie(G) we have:
where
, is obtained, using the metrics, from the right G action
The main result of the theory is a path-integral representation for intersection numbers on M as correlation functions in the cohomological field theory: 1. Donaldson Theory [45, 7, 3] : P → M is a principal G-bundle over a 4-fold M . 2. Topological σ Model, T σ(X) [46] [6]: X = a compact, almost Kähler manifold with almost complex structure J. C = Map(Σ w , X). Σ w has complex structure ǫ and
Observables are the Gromov-Witten classes: γ Φ * (ξ);
γ ∈ H * (Σ w ), ξ ∈ H * (X), Φ : Σ w × C → X is the universal map.
3. Topological String Theory, T S(X) [44, 37, 12] : [22] . This approach certainly deserves further study.
Application and a Guess
The original motivation for the program of Gross was to find a string interpretation of Y M 4 . Have we made any progress towards this end? The answer is not clear at present.
We offer one suggestion here in the form of a guess.
Combining (3.2) with the 1/N asymptotics of the Y M 2 partition function we expect 5 an intriguing relation between intersection theory on M(F = 0, Σ T ) for G = SU (N ) and less by construction, where κ is a string coupling constant and P d α (t α ) is a polynomial whose value at zero is one. Our guess is that a formula analogous to (7.1) holds in four dimensions, and that the asymptotic expansion of Z(Eσ(X)) in κ is closely related to the large N asymptotics of intersection numbers of the classes O
2 (e α ) = e α c 2 (Q) on the moduli space of antiselfdual instantons on X: e r α O (2) 2 (e α ) M + (X;SU(N)) where κ ∼ 1/N and r α are analytic functions of the t α .
